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Devwudfw
Wkh vzliwqhvv dqg ghydvwdwlqj lpsdfw ri uhfhqw qdqfldo fulvhv kdyh
wdnhq pdq| pdunhw sduwlflsdqwv e| vxusulvh/ dqg srvh fkdoohqjhv iru hfrqr0
plvwv vhhnlqj d wkhru| ri wkh rqvhw ri d fulvlv1 Zh sursrvh vxfk d wkhru|
edvhg rq wzr ihdwxuhv1 Wkh dfwlrqv ri glyhuvh hfrqrplf dfwruv zklfk xqghu0
plqh wkh fxuuhqf| duh pxwxdoo| uhlqiruflqj/ zkloh wkh iudjphqwhg qdwxuh
ri wkh phgld fuhdwh vpdoo glvsdulwlhv lq wkhlu lqirupdwlrq1 Lq vxfk flu0
fxpvwdqfhv/ wkh eholhiv ri pdunhw sduwlflsdqwv fdq eh wudfnhg lq wkh vdph
zd| dv wkh hfrqrplf ixqgdphqwdov/ dqg dq dwwdfn lv wuljjhuhg zkhq wkh
hfrqrplf ixqgdphqwdov ghwhulrudwh vx!flhqwo| wr idoo ehorz wkh plqlpxp
ohyho ri pdunhw frqghqfh qhfhvvdu| wr vxssruw wkh fxuuhqf|1 Zh jlyh d
fkdudfwhul}dwlrq ri vxfk d plqlpxp ohyho ri frqghqfh1
MHO Fodvvlfdwlrq qxpehuv= I64/ G;51
Nh|zrugv= Fxuuhqf| fulvlv/ frpprq nqrzohgjh1
 Zh

duh judwhixo wr Pdqprkdq Nxpdu/ Pdufxv Ploohu/ Mrqdwkdq Wkrpdv/ Kdudog Xkolj/
Gdylg Ylqhv dqg Sdror Ylwdoh iru wkhlu frpphqwv rq dq hduolhu gudiw ri wkh sdshu1 Wkh vhfrqg
dxwkru dfnqrzohgjhv vxssruw iurp wkh WPU Qhwzrun lq Ilqdqfldo Pdunhwv1

41 Lqwurgxfwlrq
Wkh vzliwqhvv dqg ghydvwdwlqj hhfw ri uhfhqw qdqfldo fulvhv srvh frqvlghudeoh
fkdoohqjhv iru hfrqrplvwv vhhnlqj dq h{sodqdwlrq ri wkh rqvhw ri d fulvlv1 Lw lv hdv|
wr jlyh d qduudwlyh ri wkh vhtxhqfh ri hyhqwv ohdglqj xs wr wkh fulvlv zlwk wkh ehqhw
ri klqgvljkw1 Krzhyhu wklv idoov vkruw ri dq h{sodqdwlrq/ vlqfh lw ehjv wkh txhvwlrq
ri zk| wkh fulvlv rffxuuhg dw wkdw sduwlfxodu prphqw lq wlph1 Pruh lpsruwdqwo|/
lw grhv qrw h{sodlq wkh devhqfh ri d fulvlv lq dssduhqwo| vlplodu frxqwulhv/ ru lq
wkh vdph frxqwu| dw glhuhqw prphqwv lq klvwru|1 Wkh fkdoohqjh lv doo wkh pruh
dfxwh lq wkh oljkw ri hylghqfh wkdw wkh rqvhw ri wkh Dvldq qdqfldo fulvlv ri 4<<:
zdv odujho| xqdqwlflsdwhg e| pdunhw sduwlflsdqwv/ dv zhoo dv e| wkh lqwhuqdwlrqdo
djhqflhv1 Udghohw dqg Vdfkv +4<<;, qrwh wkdw fuhglw ulvn vsuhdgv iru eruurzhuv
lq wkh uhjlrq lqfuhdvhg rqo| diwhu wkh fulvlv zdv lq ixoo vzlqj/ dqg wkh fuhglw
udwlqj djhqflhv zhuh odujho| uhdfwlqj wr hyhqwv udwkhu wkdq dfwlqj lq dgydqfh1 Qru
zdv wkhuh pxfk lqglfdwlrq iurp lqwhuqdwlrqdo djhqflhv ru wkh frxqwu| dqdo|vwv ri
qrupdoo| fdqq| lqyhvwphqw edqnv wkdw d fulvlv ri vxfk pdjqlwxgh zdv euhzlqj1
Jlyhq wkh gl!fxowlhv lq frplqj xs zlwk d uljrurxv wkhru|/ lw lv whpswlqj wr
idoo edfn rq xqh{sodlqhg vkliwv ri vhqwlphqw rq wkh sduw ri fnoh lqyhvwruv/ ru wkh
xqh{sodlqhg rqvhw ri sdqlf dprqj fuhglwruv dv dq h{sodqdwlrq ri fulvlv1 Dv d irupdo
frxqwhusduw wr vxfk dq dssurdfk/ pxowlsoh htxloleulxp prghov ri fxuuhqf| dwwdfnv
kdyh jdlqhg dffhswdqfh dprqj pdq| frpphqwdwruv/ dqg vxfk dffhswdqfh rzhv d
juhdw ghdo wr wkh gl!fxow| lq suhglfwlqj wkh h{dfw wlplqj ri fxuuhqf| dwwdfnv/ dv
zhoo dv wkh revhuydwlrq wkdw wkh| duh wuljjhuhg zlwkrxw dq| dssduhqw fkdqjh lq
wkh xqghuo|lqj ixqgdphqwdov ri wkh hfrqrp|1 Vxfk prghov lqfrusrudwh wkh vhoi0
ixooolqj qdwxuh ri wkh eholhi lq dq lpplqhqw vshfxodwlyh dwwdfn1 Li vshfxodwruv dqg
h{srvhg eruurzhuv eholhyh wkdw d fxuuhqf| zloo frph xqghu dwwdfn/ wkhlu dfwlrqv
lq dqwlflsdwlrq ri wklv suhflslwdwh wkh fulvlv lwvhoi/ zkloh li wkh| eholhyh wkdw d
fxuuhqf| lv qrw lq gdqjhu ri lpplqhqw dwwdfn/ wkhlu lqdfwlrq vsduhv wkh fxuuhqf|
iurp dwwdfn/ wkhuhe| ylqglfdwlqj wkhlu lqlwldo eholhiv1 Wkxv/ wkh rqvhw ri d fxuuhqf|
dwwdfn lv h{sodlqhg lq whupv ri d vkliw iurp rqh htxloleulxp wr dqrwkhu1
D odujh dqg jurzlqj olwhudwxuh kdv hphujhg ghyhorslqj wklv wkhph dqg irupdo0
l}lqj wkh lqwxlwlrq4 1 Revwihog*v zrun +4<;9/ 4<<7/ 4<<8, kdv ehhq lq xhqwldo lq
wklv uhjdug/ dqg kdv vhuyhg wr gudz d olqh ehwzhhq pxowlsoh htxloleulxp prghov
ri fxuuhqf| dwwdfnv dqg wkh hduolhu jhqhudwlrq ri wkhrulhv zklfk uho| rq d vhfxodu
ghwhulrudwlrq ri ixqgdphqwdov +vxfk dv Nuxjpdq +4<:<, dqg Iorrg dqg Jduehu
+4<;7d/ e,,/ dqg zkrvh dujxphqw exlogv rq lqvljkwv iurp prghov ri sulfh0{lqj lq
4

Dq h{fhoohqw eleolrjudsk| rq wkh Dvldq qdqfldo fulvlv lv pdlqwdlqhg e| Qrxulho Urxelql rq
kwws=22zzz1vwhuq1q|x1hgx2qurxelql2dvld2DvldKrphsdjh1kwpo1 Fruvhwwl/ Shvhqwl dqg Urxelql
+4<<;, lv d uhfhqw vxuyh| ri wkh ghedwh/ dv lv Fruehww dqg Ylqhv +4<<;,1 Hglvrq/ Oxdqjdudp
dqg Ploohu +4<<;, rhu d shuvshfwlyh rq wkh Wkdl qdqfldo fulvlv edvhg rq wkh uroh ri dvvhwv dv
froodwhudo1
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h{kdxvwleoh jrrgv pdunhwv +Vdodqw dqg Khqghuvrq +4<:;,,1
Krzhyhu/ wkh pxowlsoh htxloleulxp dssurdfk lv rshq wr wkh fkdujh wkdw lw grhv
qrw ixoo| h{sodlq d fxuuhqf| dwwdfn/ vlqfh wkh vkliw lq eholhiv zklfk ohdgv wr wkh
vkliw iurp rqh htxloleulxp wr dqrwkhu lv ohiw xqh{sodlqhg1 Lq vkruw/ wkhuh lv dq
lqghwhuplqdf| lq wkh wkhru|1 Wkh eholhiv ri wkh hfrqrplf dfwruv duh vhhq dv ehlqj
dxwrqrprxv iurp wkh hfrqrplf ixqgdphqwdov/ dqg oldeoh wr xqh{sodlqhg frru0
glqdwhg vkliwv1 Vxfk d ylhz qrw rqo| uxqv frxqwhu wr rxu wkhruhwlfdo vfuxsohv
djdlqvw lqghwhuplqdf|/ exw pruh lpsruwdqwo|/ uxqv frxqwhu wr rxu lqwxlwlrq wkdw
edg ixqgdphqwdov duh vrphkrz pruh olnho| wr wuljjhu d fulvlv1 Lqghhg/ d jurzlqj
hpslulfdo olwhudwxuh kdv h{dplqhg wkh uhodwlrqvkls ehwzhhq wkh lqflghqfh ri fxu0
uhqf| dwwdfnv dqg wkh xqghuo|lqj hfrqrplf ixqgdphqwdov5 1 D vdwlvidfwru| wkhru|
ri wkh rqvhw fulvlv pxvw h{sodlq wkh vkliw lq eholhiv zklfk wuljjhu wkh dwwdfn1
Lq wklv sdshu/ zh dwwhpsw wr frqvwuxfw vxfk d wkhru| ri wkh rqvhw ri fxuuhqf|
dwwdfnv1 Wkh wkhru| exlogv rq wzr pdlq ihdwxuhv1
 Wkh dfwlrqv ri glyhuvh hfrqrplf dfwruv zklfk h{dfhuedwh d fxuuhqf| fulvlv
duh pxwxdoo| uhlqiruflqj1 Iru lqvwdqfh/ d khgjh ixqg zloo qg lw surwdeoh
wr dwwdfn d fxuuhqf| li lw fdq uho| rq eruurzhuv zlwk xqkhgjhg groodu oldelo0
lwlhv wr vfudpeoh wr fryhu wkhlu srvlwlrqv/ dqg wkhuhe| h{dfhuedwh wkh fulvlv1
Frqyhuvho|/ wkh eruurzhu zloo qg lw pruh dwwudfwlyh wr khgjh li wkh fxuuhqf|
lv xqghu dwwdfn iurp vshfxodwruv1
 Pdunhw sduwlflsdqwv kdyh dffhvv wr d odujh pdvv ri lqirupdwlrq frqfhuqlqj
wkh hfrqrplf ixqgdphqwdov/ dqg khqfh duh riwhq zhoo lqiruphg ri wkh xqghu0
o|lqj vwdwh ri wkh hfrqrp|1 Krzhyhu/ shukdsv ehfdxvh ri wkh vkhhu yroxph
ri lqirupdwlrq/ wkhuh duh vpdoo glvsdulwlhv lq wkh lqirupdwlrq dw wkh glvsrvdo
ri hdfk hfrqrplf dfwru1
Wkh uvw ri wkhvh ihdwxuhv lv vwdqgdug lq pxowlsoh htxloleulxp dffrxqwv/ dqg
zh dgrsw wklv edvlf vwduwlqj srlqw1 Rxu lqqrydwlrq frphv zlwk wkh vhfrqg ihdwxuh1
Zkhq wkhuh duh vpdoo glvsdulwlhv lq wkh lqirupdwlrq ri wkh pdunhw sduwlflsdqwv/
wkh lqghwhuplqdf| ri eholhiv lqkhuhqw lq wkh pxowlsoh htxloleulxp vwru| lv odujho|
uhpryhg1 Lqvwhdg/ lw lv srvvleoh wr wudfn wkh vkliwv lq eholhiv dv zh wudfn wkh vkliwv
lq wkh hfrqrplf ixqgdphqwdov1 Wklv lv vr/ vlqfh xqfhuwdlqw| derxw rwkhuv* eholhiv
qrz wdnhv rq d fulwlfdo uroh/ dqg vxfk xqfhuwdlqw| riwhq glfwdwhv d sduwlfxodu frxuvh
ri dfwlrq dv ehlqj wkh xqltxho| rswlpdo rqh1 Hyhq ydqlvklqjo| vpdoo glhuhqfhv
lq lqirupdwlrq vx!fh wr jhqhudwh vxfk xqfhuwdlqw| derxw rwkhuv* eholhiv1 Zkhq
zh frqvlghu wkh vkhhu txdqwlw| ri lqirupdwlrq dydlodeoh wr pdunhw sduwlflsdqwv 0
wkh qhzv zluh vhuylfhv/ lq0krxvh uhvhdufk/ ohdnv iurp r!fldo vrxufhv/ dv zhoo dv wkh
5

Wkh Urxelql eleolrjudsk| flwhg hduolhu frqwdlqv d frpsuhkhqvlyh olvw1 D uhfhqw sdshu zlwk
vxjjhvwlyh uhvxowv lv Nxpdu/ Prruwk| dqg Shuudxglq +4<<;,1
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suhvv dqg eurdgfdvwhuv/ h{dfw xqliruplw| ri lqirupdwlrq lv wkh odvw wklqj zh fdq
h{shfw1
Lqghhg/ wkh iudjphqwdwlrq ri wkh phgld lq prghuq wlphv kdv jhqhudwhg wkh
sdudgr{lfdo vlwxdwlrq lq zklfk hyhu juhdwhu txdqwlwlhv ri lqirupdwlrq lv jhqhu0
dwhg dqg glvvhplqdwhg/ exw frphv dw wkh h{shqvh ri wkh vkduhg nqrzohgjh ri lwv
uhflslhqwv1 Dsduw iurp wrwdolwduldq uhjlphv lq zklfk wkhuh lv d vlqjh vrxufh ri
lqirupdwlrq +ru shukdsv lq wkh kh|gd| ri wkh EEF Krph Vhuylfh,/ wkh uhfhlsw
ri lqirupdwlrq lv uduho| dffrpsdqlhg e| wkh nqrzohgjh wkdw hyhu|rqh hovh lv dovr
uhfhlylqj suhflvho| wklv lqirupdwlrq dw wkdw wlph1 Hyhq dprqj qdqfldo pdunhwv/
wkh iruhljq h{fkdqjh pdunhw lv hvshfldoo| iudjphqwhg1 Lwv pdunhw plfurvwuxfwxuh
lv fkdudfwhul}hg e| wkh ghfhqwudol}hg qdwxuh ri wkh wudgh qhfhvvlwdwhg e| urxqg0
wkh0forfn wudglqj/ dqg wkh jhrjudsklfdo vsuhdg zklfk jrhv zlwk lw1
Dw lwv prvw edvlf/ d vshfxodwlyh dwwdfn lv d uhvroxwlrq ri d frruglqdwlrq sureohp
dprqj wkh glyhuvh lqwhuhvwhg sduwlhv 0 erwk iruhljq dqg grphvwlf1 Vpdoo glvsdulwlhv
ri lqirupdwlrq ghwhuplqh wkh rxwfrph ri vxfk frruglqdwlrq sureohpv1
Lq hduolhu zrun +Pruulv dqg Vklq +4<<;,,/ zh kdyh looxvwudwhg wklv srlqw lq
wkh frqwh{w ri d vlpsoh vwdwlf prgho zkhuh vshfxodwruv revhuyh dffxudwh/ exw
lglrv|qfudwlf vljqdov frqfhuqlqj wkh ixqgdphqwdov/ dqg wkh| krog xqlirup sulru
eholhiv derxw wkh ixqgdphqwdov1 Lq wklv fdvh/ wkh pxowlsolflw| ri htxloleulxp lv
frpsohwho| holplqdwhg/ dqg d xqltxh rxwfrph hphujhv lq htxloleulxp1
Khuh/ zh ghyhors wklv olqh ri lqtxlu| ixuwkhu/ dqg foduli| wkh uroh ri glhuhqwldo
lqirupdwlrq lq fxuuhqf| dwwdfnv1 Wkh vwdwlf iudphzrun dqg wkh vwurqj glvwulex0
wlrqdo dvvxpswlrqv lq rxu hduolhu zrun glg qrw doorz xv wr glvwlqjxlvk ehwzhhq
wkh lvvxh ri wkh xqltxhqhvv ri htxloleulxp iurp wkh pruh jhqhudo lvvxh ri krz wkh
vhw ri htxloleuld ri wkh lpshuihfw lqirupdwlrq jdph lv dhfwhg e| wkh ghsduwxuhv
iurp frpprq nqrzohgjh1 Dowkrxjk fkdqjhv lq wkh htxloleulxp vhw wr vkliwv lq
wkh qdwxuh ri glhuhqwldo lqirupdwlrq lv wr eh h{shfwhg/ xqltxhqhvv ri htxloleulxp
uhtxluhv dgglwlrqdo slhfhv ri wkh mljvdz wr eh lq sodfh1 Dovr/ wkh vwdwlf qdwxuh ri
wkh prgho lq rxu hduolhu zrun ghwudfwhg iurp wkh jrdo ri vhuylqj dv d wkhru| ri wkh
rqvhw ri fxuuhqf| dwwdfnv1 Dq| vxfk wkhru| pxvw wdnh lqwr dffrxqw wkh hyroxwlrq
ri wkh ixqgdphqwdov ryhu wlph/ dqg lqfrusrudwh glhuhqwldo lqirupdwlrq lq wklv
g|qdplf frqwh{w1
Lq zkdw iroorzv/ wkh ixqgdphqwdov hyroyh dffruglqj d Eurzqldq prwlrq surfhvv/
dqg pdunhw sduwlflsdqwv prqlwru wkh ixqgdphqwdov dffxudwho|/ exw zlwk vpdoo gli0
ihuhqfhv lq wkhlu lqirupdwlrq1 Zh ghprqvwudwh wkh h{lvwhqfh ri dq dffrpsdq|lqj
vwrfkdvwlf surfhvv 0 fdoohg wkh kxugoh surfhvv 0 zkhuhe|/ dv orqj dv wkh ixqgd0
phqwdov olh deryh wkh uhdol}dwlrq ri wkh kxugoh surfhvv/ wkhuh lv qr fxuuhqf| dwwdfn1
Krzhyhu/ dv vrrq dv wkh ixqgdphqwdo surfhvv idoov ehorz wkh kxugoh surfhvv/ dq
dwwdfn iroorzv lqhylwdeo|1 Wkh lpdjhu| lv lqwhqghg wr eh vxjjhvwlyh1 Dv orqj dv
ixqgdphqwdov fdq qhjrwldwh wkh kxugoh/ wkhuh lv qr dwwdfn1 Krzhyhu/ dv vrrq dv lw
7

wulsv ryhu wkh kxugoh/ dq dwwdfn lv wuljjhuhg1 Wklv kxugoh surfhvv dovr kdv wkh
ihdwxuh wkdw lw pryhv lq wkh rssrvlwh gluhfwlrq wr wkh ixqgdphqwdov1 Wkxv/ zkhq
ixqgdphqwdov ghwhulrudwh/ wkh kxugoh vkliwv xszdugv/ pdnlqj lw pruh gl!fxow wr
fohdu wkh kxugoh1
Zh uhdglo| dfnqrzohgjh wkdw vxfk d prgho lv vwloo wrr uxglphqwdu| wr |lhog
ghwdlohg srolf| lpsolfdwlrqv1 Krzhyhu/ lw pdnhv d vpdoo vwhs lq wkh gluhfwlrq ri
jlylqj xv wkh iudphzrun lq zklfk vxfk txhvwlrqv fdq eh dgguhvvhg zlwklq wkh
wkhru|/ udwkhu wkdq dsshdolqj wr irufhv rxwvlgh lw1

51 Hohphqwv ri d Wkhru|
Ghihqglqj d fxuuhqf| shj lq dgyhuvh flufxpvwdqfhv hqwdlov odujh frvwv iru wkh
jryhuqphqw ru prqhwdu| dxwkrulwlhv1 Wkh frvwv ehdu pdq| ghsuhvvlqjo| idploldu
v|pswrpv 0 froodsvlqj dvvhw ydoxhv/ ulvlqj edqnuxswflhv/ wkh orvv ri iruhljq h{0
fkdqjh uhvhuyhv/ kljk lqwhuhvw udwhv dqg wkh uhvxowlqj uhgxfwlrq lq ghpdqg ohdglqj
wr lqfuhdvhv lq xqhpsor|phqw dqg vorzhu jurzwk1 Zkdwhyhu wkh shufhlyhg ehq0
hwv ri pdlqwdlqlqj d fxuuhqf| shj/ dqg zkdwhyhu wkhlu r!fldo surqrxqfhphqwv/
doo prqhwdu| dxwkrulwlhv kdyh d sdlq wkuhvkrog dw zklfk wkh frvwv ri ghihqglqj wkh
shj rxwzhljkv wkh ehqhwv ri grlqj vr1 Xqghuvwdqglqj wkh vrxufh dqg wkh vhyhulw|
ri wklv sdlq lv d nh| wr xqghuvwdqglqj wkh rqvhw ri fxuuhqf| dwwdfnv1
Idflqj wkh prqhwdu| dxwkrulw| lv dq duud| ri glyhuvh sulydwh vhfwru dfwruv/
erwk grphvwlf dqg iruhljq/ zkrvh lqwhuhvwv duh dhfwhg e| wkh dfwlrqv ri wkh rwkhu
phpehuv ri wklv jurxs/ dqg e| wkh dfwlrqv ri wkh prqhwdu| dxwkrulw|1 Wkh pdlq
dfwruv duh grphvwlf frusrudwlrqv/ grphvwlf edqnv dqg wkhlu ghsrvlwruv/ iruhljq
fuhglwru edqnv/ dqg rxwuljkw vshfxodwruv 0 zkhwkhu lq wkh irup ri khgjh ixqgv ru
wkh sursulhwdu| wudglqj ghvnv ri wkh lqwhuqdwlrqdo qdqfldo krxvhv1 Wzr ihdwxuhv
vwdqg rxw/ dqg ghvhuyh hpskdvlv1
 Hdfk dfwru idfhv d fkrlfh ehwzhhq dfwlrqv zklfk h{dfhuedwh wkh sdlq ri
pdlqwdlqlqj wkh shj dqg dfwlrqv zklfk duh pruh ehqljq1
 Wkh pruh suhydohqw duh wkh dfwlrqv zklfk lqfuhdvh wkh sdlq ri kroglqj wkh
shj/ wkh juhdwhu lv wkh lqfhqwlyh iru dq lqglylgxdo dfwru wr dgrsw wkh df0
wlrq zklfk lqfuhdvhv wkh sdlq1 Lq rwkhu zrugv/ wkh dfwlrqv zklfk whqg wr
xqghuplqh wkh fxuuhqf| shj duh pxwxdoo| uhlqiruflqj1
Iru grphvwlf frusrudwlrqv zlwk xqkhgjhg iruhljq fxuuhqf| oldelolwlhv/ wkh| fdq
hlwkhu dwwhpsw wr khgjh wkhlu srvlwlrqv ru qrw1 Wkh dfwlrq wr khgjh wkhlu h{srvxuh
0 ri vhoolqj Edkw wr ex| grooduv lq iruzdug frqwudfwv/ iru h{dpsoh/ lv lghqwlfdo lq
lwv phfkdqlfv +li qrw lq lwv lqwhqwlrq, wr wkh dfwlrq ri d khgjh ixqg zklfk wdnhv
d qhw vkruw srvlwlrq lq Edkw1 Iru grphvwlf edqnv dqg qdqfh krxvhv zklfk kdyh
8

idflolwdwhg vxfk groodu ordqv wr orfdo upv/ wkh| fdq hlwkhu dwwhpsw wr khgjh wkhlu
groodu h{srvxuh rq wkhlu edodqfh vkhhwv ru qrw1 Djdlq/ wkh iruphu dfwlrq lv lghqwlfdo
lq lwv frqvhtxhqfh wr d khgjh ixqg vkruw0vhoolqj Edkw1 Dv d juhdwhu sursruwlrq
ri wkhvh dfwruv dgrsw wkh dfwlrq ri vhoolqj wkh grphvwlf fxuuhqf|/ wkh juhdwhu lv
wkh sdlq wr wkh prqhwdu| dxwkrulwlhv/ dqg khqfh wkh juhdwhu lv wkh olnholkrrg ri
dedqgrqphqw ri wkh shj1 Wklv lqfuhdvhv wkh dwwudfwlyhqhvv ri vhoolqj Edkw1 Lq wklv
vhqvh/ wkh dfwlrqv zklfk xqghuplqh wkh fxuuhqf| shj duh pxwxdoo| uhlqiruflqj1
Wkh| duh vwudwhjlf frpsohphqwv/ lq wkh vhqvh xvhg lq jdph wkhru|1
Lqghhg/ wkh vwudwhjlf hhfwv uxq ghhshu1 Dv grphvwlf upv zlwk groodu oldelol0
wlhv h{shulhqfh gl!fxowlhv lq vhuylflqj wkhlu ghew/ wkh edqnv zklfk kdyh idflolwdwhg
vxfk groodu ordqv dwwhpsw wr fryhu wkhlu iruhljq fxuuhqf| orvvhv dqg lpsuryh wkhlu
edodqfh vkhhw e| d frqwudfwlrq ri fuhglw1 Wklv lq wxuq lv dffrpsdqlhg e| d ulvh
lq lqwhuhvw udwhv/ idoo lq surw dqg d ixuwkhu lqfuhdvh lq frusrudwh glvwuhvv1 Iru
iruhljq fuhglwru edqnv zlwk vkruw0whup h{srvxuh/ wklv lv qrupdoo| d fxh wr fxw
r fuhglw olqhv/ ru wr uhixvh wr uroo ryhu vkruw whup ghew1 Hyhq iru upv zlwk qr
iruhljq fxuuhqf| h{srvxuh/ wkh jhqhudo frqwudfwlrq ri fuhglw lqfuhdvhv frusrudwh
glvwuhvv1 Vxfk ghwhulrudwlrq lq wkh grphvwlf hfrqrplf hqylurqphqw h{dfhuedwhv
wkh sdlq ri pdlqwdlqlqj wkh shj/ wkhuhe| vhuylqj wr uhlqirufh wkh dfwlrqv zklfk
whqg wr xqghuplqh lw1 Wr pdnh pdwwhuv zruvh vwloo/ wkh ehodwhg khgjlqj dfwlylw| e|
edqnv lv xvxdoo| dffrpsdqlhg e| d uxq rq wkhlu ghsrvlwv/ dv ghsrvlwruv vfudpeoh
wr zlwkgudz wkhlu prqh|1
Wkh iroorzlqj wdeoh frqwdlqv d +vrphzkdw vlpsolvwlf, wd{rqrp| ri wkh ydulrxv
dfwruv dqg wkhlu dfwlrqv zklfk xqghuplqh wkh shj1 Wkh ihdwxuh wr eh hpskdvl}hg
lv wkh lqfuhdvhg sdlq ri pdlqwdlqlqj wkh shj lq wkh idfh ri zlghvsuhdg dgrswlrq
ri vxfk dfwlrqv/ dqg khqfh wkh pxwxdoo| uhlqiruflqj qdwxuh ri wkh dfwlrq zklfk
xqghuplqhv wkh shj1 Wkh juhdwhu lv wkh suhydohqfh ri vxfk dfwlrqv/ wkh pruh
dwwudfwlyh vxfk dfwlrqv ehfrph wr wkh lqglylgxdo dfwru1
Dfwru
Vshfxodwruv
Grphvwlf upv

Dfwlrq+v, xqghuplqlqj shj
Vkruw vhoo Edkw
Vhoo
 Edkw iru khgjlqj sxusrvhv
Vhoo Edkw iru khgjlqj sxusrvhv
Grphvwlf edqnv
Uhgxfh fuhglw wr grphvwlf upv
Iruhljq edqnv
Uhixvh wr uroo ryhu ghew
Ghsrvlwruv
Zlwkgudz ghsrvlwv
Wr eh vxuh/ wkh dfwxdo prwlyhv ehklqg wkhvh dfwlrqv duh dv glyhuvh dv wkh dfwruv
wkhpvhoyhv1 D fxuuhqf| vshfxodwru uxeelqj klv kdqgv dqg orrnlqj rq lq johh dv
klv wdujhw frxqwu| ghvfhqgv lqwr hfrqrplf fkdrv kdv yhu| glhuhqw prwlyhv iurp
d ghvshudwh rzqhu ri d up lq wkdw frxqwu| wu|lqj iudqwlfdoo| wr vdoydjh zkdw kh
fdq/ ru d ghsrvlwru txhxlqj wr vdoydjh khu phdjuh olih vdylqjv1 Krzhyhu/ zkdwhyhu
9

wkh prwlyhv xqghuo|lqj wkhvh dfwlrqv/ wkh| duh vlplodu lq wkhlu frqvhtxhqfhv1 Wkh|
doo ohdg wr juhdwhu sdlqv ri kroglqj wr wkh shj/ dqg khqfh kdvwhq lwv ghplvh1
Iru wkh sxusrvhv ri wkh irupdo ghyhorsphqw ri wkh wkhru|/ zh zloo devwudfw
iurp wkh glyhuvh prwlyhv ri wkh sulydwh vhfwru dfwruv/ dqg vlpso| wuhdw hyhu|rqh
dv ehlqj d srwhqwldo vshfxodwru djdlqvw wkh fxuuhqf|1 Khqfh/ lq zkdw iroorzv/
wkh odeho ri vshfxodwru vkrxog eh wdnhq wr dsso| wr wkh duud| ri hfrqrplf dfwruv
glvfxvvhg deryh1
Zh vxppdul}h e| w wkh ryhudoo shufhswlrq ri wkh prqhwdu| dxwkrulwlhv frq0
fhuqlqj wkh urexvwqhvv ri wkh xqghuo|lqj hfrqrp|/ dqg e| lpsolfdwlrq/ wkh hdvh
zlwk zklfk wkh prqhwdu| dxwkrulwlhv fdq zlwkvwdqg vshfxodwlyh vhoolqj ri wkh fxu0
uhqf|1 Zkhq w lv orz/ wkh hfrqrp| lv lq edg vkdsh dqg wkh frvwv ri ghihqglqj
wkh fxuuhqf| shj lv kljk1 Zkhq w lv kljk/ wkh uhyhuvh lv wuxh/ dqg wkh frvw ri
ghihqglqj wkh shj lv orz1 Zkhq w lv vx!flhqwo| orz/ wkh prqhwdu| dxwkrulwlhv
dedqgrq wkh shj luuhvshfwlyh ri wkh dfwlrqv ri wkh vshfxodwruv1 Frqyhuvho|/ zkhq
w lv vx!flhqwo| kljk/ wkh jryhuqphqw pdlqwdlqv wkh shj luuhvshfwlyh ri wkh dfwlrqv
ri vshfxodwruv1 Krzhyhu/ wkh frvw wr ghihqglqj wkh shj ghshqgv rq wkh h{whqw
wr zklfk wkh shj frphv xqghu frqfhuwhg dwwdfn e| vshfxodwruv1 Iru lqwhuphgldwh
ydoxhv ri w/ wkh frvw ri pdlqwdlqlqj wkh shj lv slyrwdo lq wkh jryhuqphqw*v ghflvlrq
rq zkhwkhu wr dedqgrq wkh shj1
Ohw @Ew eh wkh ghjuhh ri ihurflw| ri wkh dwwdfn rq wkh fxuuhqf| zklfk lv mxvw
vx!flhqw wr lqgxfh wkh prqhwdu| dxwkrulwlhv wr dedqgrq wkh shj/ dv phdvxuhg
e| wkh sursruwlrq ri vshfxodwruv zkr vhoo wkh fxuuhqf| +zh dvvxph wkdw hdfk
vshfxodwru kdv wkh elqdu| fkrlfh ri zkhwkhu wr dwwdfn wkh fxuuhqf|/ ru qrw wr gr
vr,1 Lq rwkhu zrugv/ li sursruwlrq @ Ew ru juhdwhu dwwdfn wkh fxuuhqf| dw vwdwh w/
wkh prqhwdu| dxwkrulwlhv dedqgrq wkh shj/ zkloh li wkh sursruwlrq dwwdfnlqj wkh
fxuuhqf| lv ohvv wkdq @ Ew/ wkh jryhuqphqw pdlqwdlqv wkh shj1 Zh ixuwkhu dvvxph
wkdw
 Wkhuh lv w vxfk wkdw @Ew ' f iru w  w
 Wkhuh lv 7w vxfk wkdw @ Ew lv xqghqhg iru w : 7w
 @ Ew lv vwulfwo| lqfuhdvlqj lq w zkhq f @ Ew
rq wkh vorsh ri @ E/ vr wkdw f K  @ Ew1

/ dqg wkhuh lv d erxqg K



5141 Hyroxwlrq ri w
Wlph lv glvfuhwh/ dqg dgydqfhv lq lqfuhphqwv ri { : f1 Wkh ydoxh ri w dw wlph |
lv ghqrwhg e| wE|1 Frqglwlrqdo rq wE|/ wkh ydoxh ri w dw wlph | n { lv glvwulexwhg
qrupdoo| zlwk phdq wE|/ dqg yduldqfh {1 Vxfk d ihdwxuh zrxog uhvxow li revhu0
ydwlrqv ri w duh vqdsvkrwv ri d surfhvv zklfk hyroyhg dffruglqj wr wkh Eurzqldq
:

prwlrq surfhvv

s
_w ' 5 {_|c

+514,

zkhuh 5 lv wkh vwdqgdug qrupdo udqgrp yduldeoh1
Wkh prqhwdu| dxwkrulwlhv revhuyh w shuihfwo| +diwhu doo/ w lv wkh shufhswlrq ri
wkh prqhwdu| dxwkrulwlhv,1 Krzhyhu/ rwkhu sduwlhv gr qrw revhuyh w shuihfwo|1 Lq
sduwlfxodu/ wkh vshfxodwruv duh deoh wr revhuyh w rqo| diwhu d ghod| ri {1 Wkxv/ dw
wlph | n {/ wkh| revhuyh wE|1
Krzhyhu/ dowkrxjk wkh vshfxodwruv gr qrw revhuyh wkh fxuuhqw ydoxh ri w/ wkh|
gr kdyh d qrlv| vljqdo ri wkh fxuuhqw w1 Vshfxodwru  revhuyhv dw wlph | wkh udqgrp
yduldeoh
% E| ' w E| n #
+515,
zkhuh # lv d qrupdo udqgrp yduldeoh zlwk phdq }hur/ dqg yduldqfh 0{/ zkhuh
0 lv d vpdoo srvlwlyh qxpehu1 Vr/ wkh yduldqfh ri wkh qrlvh whup lv 0 wlphv wkh
rqh0shulrg dkhdg yduldqfh ri w lwvhoi1 Ixuwkhupruh/ hdfk #  lv lqghshqghqw ri w/
dqg ri #  iru doo  9' 1
Wr vxppdul}h/ dw wlph |/ wkh lqirupdwlrq dw wkh glvsrvdo ri wkh prqhwdu|
dxwkrulwlhv dqg wkh vshfxodwruv duh dv iroorzv1
 Prqhwdu| dxwkrulwlhv= iwE|j
 Vshfxodwru = iwE|  {c % E|j1
5151 Sd|rv
Lq hdfk shulrg/ wkh vshfxodwruv ghflgh zkhwkhu wr dwwdfn wkh fxuuhqf| ru qrw edvhg
rq wkhlu lqirupdwlrq1 Wkhuh lv d frvw ri dwwdfnlqj wkh fxuuhqf|/ jlyhq e| d frqvwdqw
S : f1 Dv zhoo dv wkh wudqvdfwlrq frvwv dvvrfldwhg zlwk dwwdfnlqj d fxuuhqf|/ S
lqfrusrudwhv dq| glhuhqfhv lq wkh lqwhuhvw udwhv ehwzhhq wkh wdujhw fxuuhqf| dqg
wkh groodu1 Iru d vshfxodwru zkr eruurzv wkh wdujhw fxuuhqf| dqg vhoov lw iru
grooduv/ wkh kljkhu lqwhuhvw frvw ri wkh eruurzlqj fdq vrphwlphv eh vxevwdqwldo1
Rxu prgho grhv qrw dgguhvv wkh ghwhuplqdwlrq ri wklv frvw1 Zh dvvxph lw wr eh d
nqrzq sdudphwhu1
Wkh prqhwdu| dxwkrulwlhv revhuyh wkh djjuhjdwh vkruw0vhoolqj ri wkh vshfxodwruv
dqg pdlqwdlqv wkh shj dw w li dqg rqo| li wkh sursruwlrq ri vshfxodwruv zkr dwwdfn
wkh fxuuhqf| grhv qrw h{fhhg wkh wkuhvkrog ohyho @ Ew1 Zkhq wkh fxuuhqf| shj lv
uhpryhg/ wkh fxuuhqf| ghsuhfldwhv e| d nqrzq dprxqw ( : f/ dqg uhpdlqv dw wklv
orzhu ohyho iruhyhu1 Zh qrupdol}h sd|rv dqg dvvxph iurp qrz rq wkdw ( ' 1
Zh wkxv kdyh wkh iroorzlqj pdwul{ ri sd|rv wr d sduwlfxodu vshfxodwru1
Dwwdfn
Uhiudlq

Shj pdlqwdlqhg Shj dedqgrqhg
S
S
f
f
;

+516,

Li w zhuh frpprq nqrzohgjh dprqj
 wkh
 vshfxodwruv/ wkhuh lv wkh idploldu pxowl0
7
solflw| ri htxloleuld lq wkh udqjh wc w 1 Li vshfxodwruv eholhyh wkdw wkh shj zloo
eh pdlqwdlqhg/ wkh| uhiudlq iurp dwwdfnlqj wkh fxuuhqf|/ zklfk ohdgv wr wkh shj
ehlqj pdlqwdlqhg1 Li/ krzhyhu/ wkh| eholhyh wkdw wkh shj zloo eh dedqgrqhg/ wkh|
dwwdfn wkh fxuuhqf|/ ohdglqj wr lwv grzqidoo1
Krzhyhu/ frpprq nqrzohgjh ri ixqgdphqwdov zrxog eh dq lqdssursuldwh dv0
vxpswlrq lq wkh frqwh{w ri qdqfldo pdunhwv/ dv zh vkdoo dujxh ehorz1
5161 Mrlqw Glvwulexwlrqv
Lq wklqnlqj derxw wkh mrlqw glvwulexwlrqv jhqhudwhg e| rxu prgho/ uhfdoo wkdw li
Efc t  kdv d elyduldwh qrupdo glvwulexwlrq/ wkhq wkh frqglwlrqdo glvwulexwlrq ri f
jlyhq t ' + lv qrupdo zlwk phdq
>f n E4jf *j t  E+  >t 
dqg yduldqfh



j 2f   42

zkhuh > ghqrwhv wkh phdq ri wkh vxevfulswhg udqgrp yduldeoh/ j2 ghqrwhv lwv
yduldqfh dqg 4 lv wkh fruuhodwlrq frh!flhqw ehwzhhq f dqg t 1
Lq rxu fdvh/ zh zloo eh lqwhuhvwhg lq wkh rqh0vwhs dkhdg fryduldqfhv frqglwlrqdo
rq w dw wlph |  {1 Iurp rxu dvvxpswlrqv/
Fry E% E| c % E| mw E|{ ' Fry E% E| c w E| mw E|{
' Ydu Ew E| mw E|{
' {
Vlploduo|/
Ydu E% E| mw E|{ ' Ydu Ew E| mw E|{ n Ydu E# 
' { E n 0
Zkhq qr frqixvlrq lv srvvleoh/ zh zloo hfrqrpl}h rq qrwdwlrq/ dqg gurs wkh
wlph dujxphqw1 Xqohvv rwkhuzlvh vwdwhg/ doo fryduldqfhv duh frqglwlrqdo rq wkh
uhdol}dwlrq ri w lq wkh suhylrxv shulrg1 Khqfh/ zh zulwh FryE% c %  dqg YduE% 
iru wkh h{suhvvlrqv deryh1
Wkh rqh0vwhs dkhdg fruuhodwlrq frh!flhqwv ehwzhhq % dqg % dqg ehwzhhq %
dqg w duh jlyhq e|
Fry E% c % 
Ydu E%  Ydu E% 

4 E% c %  ' s

<

Ydu Ew
Ydu Ew n Ydu E#  

'
n0

'

dqg
Fry E% c w
Ydu E%  Ydu Ew
Ydu Ew
' s
dYdu Ew n Ydu E#  o Ydu Ew
{
' s
{E n 0{

' s

n0

4 E% c w ' s

Lq erwk fdvhv/ wkh fruuhodwlrq lv kljk zkhq 0 lv vpdoo/ dqg wkh vshfxodwruv kdyh
jrrg lqirupdwlrq frqfhuqlqj w dqg wkh vljqdov ri rwkhuv1 Lq whupv ri wkh lqihuhqfh
sureohp/ wkh glvwulexwlrqv ri lqwhuhvw duh/ uvw/ wkh frqglwlrqdo glvwulexwlrq ri w E|
rq % E| dqg wkh suhylrxv uhdol}dwlrq ri w ghqrwhg e|
s Ewm% c w

3{
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dqg wkh frqglwlrqdo glvwulexwlrq ri % E| rq w E|/ ghqrwhg e| s E% mw1 Wkh iruphu
vxppdul}hv wkh eholhiv ri vshfxodwru  frqfhuqlqj wkh ixqgdphqwdov/ zkloh wkh
odwwhu jlyhv wkh glvwulexwlrq ri vljqdov iru d jlyhq vwdwh ri ixqgdphqwdov1 Zh nqrz
wkdw
s E% mw ' # 
+518,
vr wkdw lw lv qrupdo zlwk phdq }hur dqg yduldqfh 0{1 Dv iru s Ewm% c w { / qrupdo0
lw| ri wkh xqghuo|lqj udqgrp yduldeohv lpsolhv wkdw s Ewm% c w { lv dovr qrupdo
zkrvh phdq lv jlyhq e|
3

3

Fry E% c w
E%  . E% 
Ydu E% 
Ydu Ew
' w {n
E%  w
Ydu Ew n Ydu E% 
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Lq rwkhu zrugv/ zkhq wudghu  revhuyhv vljqdo % / kh irupv klv eholhiv rq wkh fxuuhqw
ydoxh ri w e| wdnlqj d frqyh{ frpelqdwlrq ri klv fxuuhqw vljqdo % dqg wkh suhylrxv
43

uhdol}dwlrq ri w1 Dv wkh vljqdo jhwv pruh dffxudwh +l1h1 dv 0 ehfrphv vpdoo,/ wkh
wudghu sxwv pruh zhljkw rq klv vljqdo/ dqg ohvv rq wkh sulru uhdol}dwlrq1 Wkh
yduldqfh ri s Ewm%  lv jlyhq e| YduEw E  42 / ru
0{

n0
Wr vxppdul}h/
 s E% mw lv qrupdo zlwk phdq }hur dqg yduldqfh 0{1
 
 
0{ 1
 s Ewm% c w {  lv qrupdo zlwk phdq n0 0 w { n n 0 % / dqg yduldqfh n
0
3

3

 Wkh fruuhodwlrq ehwzhhq % dqg % lv * E n 01
5171 Idloxuh ri Frpprq Eholhi
Dowkrxjk wkh vljqdov ri wkh vshfxodwruv duh kljko| fruuhodwhg zkhq 0 lv vpdoo/
wkhuh lv d txdolwdwlyh glhuhqfh ehwzhhq wkh fdvh zkhq 0 lv vpdoo exw srvlwlyh dqg
zkhq 0 lv suhflvho| }hur iru wkh ghjuhh ri frpprq nqrzohgjh1 Lq wkh iruphu/ wkhuh
lv frpprq nqrzohgjh ri wkh ixqgdphqwdov/ exw lq wkh odwwhu hyhq dssur{lpdwh
frpprq nqrzohgjh idlov/ dv zh vkdoo ghprqvwudwh1
Wkh idfw wkdw dq lqglylgxdo eholhyhv vrph ihdwxuh ri wkh hfrqrp| wr eh wklv
ru wkdw zd| lv dv pxfk d ghvfulswlrq ri wkh zruog dv dq| vwdwhphqw derxw wkh
ixqgdphqwdov ri wkh hfrqrp|1 Iru hyhqw ./ zh fdq dvvrfldwh wkrvh vwdwhv ri wkh
zruog dw zklfk vrph jurxs ri lqglylgxdov krog fhuwdlq eholhiv frqfhuqlqj .1 Ghqh
wkh rshudwru ^ E dv=
 

 sursruwlrq ^ ru kljkhu ri vshfxodwruv

^ E.  w 

eholhyh . zlwk suredelolw| ^ ru kljkhu
Zkhq w ehorqjv wr ^ E./ sursruwlrq ^ ru kljkhu ri vshfxodwruv eholhyh hyhqw
. zlwk suredelolw| ^ ru kljkhu dw w1 Frqvlghu wkh hyhqw . ' dwc 4 0 l1h1 wkh
hyhqw wkdw wkh ixqgdphqwdov duh frqvlvwhqw zlwk wkh shj1 Zkhq 0 ' f/ zh kdyh
E. ' ./ dqg khqfh
. '  E. '  E E. '  E E E. '   
iru dq| qxpehu ri lwhudwlrqv ri wkh rshudwru  E/ vr wkdw zkhqhyhu ixqgdphq0
wdov duh frqvlvwhqw zlwk wkh shj +l1h1 zkhq w 5 .,/ hyhu|rqh eholhyhv wklv zlwk
suredelolw| 4/ hyhu|rqh eholhyhv wkdw hyhu|rqh eholhyhv lw/ hyhu|rqh eholhyhv wkdw
hyhu|rqh eholhyhv wkdw hyhu|rqh eholhyhv lw/ dqg vr rq/ zlwkrxw erxqg1
Frqwudvw wklv zlwk wkh fdvh zkhq 0 lv vpdoo/ exw srvlwlyh1 Frqvlghu zkhq dw
ohdvw <3( ru vshfxodwruv eholhyh . zlwk suredelolw| dw ohdvw 31<1 Vhh jxuh 41
44

^Iljxuh 4 khuh`
Wkh wrs judsk looxvwudwhv wkh ghqvlw| s Ewm%c w {  0 wkh srvwhulru ghqvlw| ryhu w
jlyhq wkh lqirupdwlrq E%c w { 1 Lq rughu iru d vshfxodwru wr sodfh eholhi 31< ru
juhdwhu rq wkh hyhqw ./ wkh vljqdo % pxvw eh dw ohdvw dv kljk dv % 1 Wkh qh{w
judsk looxvwudwhv wkh ghqvlw| ri wkh vljqdov jhqhudwhg e| wkh qrlvh1 Lq rughu iru
<3( ri vshfxodwruv wr uhfhlyh d vljqdo juhdwhu wkdq % / wkh ydoxh ri w pxvw eh
dw ohdvw w 1 Wkxv/ wkh hyhqw lq zklfk dw ohdvw <3( ri vshfxodwruv eholhyh . zlwk
suredelolw| dw ohdvw 31< lv jlyhq e| wkh lqwhuydo dw c 41 Lq rwkhu zrugv/
3

3

W

W

W

W

fb E. ' dw c 4 ' .
W

Lqghhg/ iru ^ : *2/ zh kdyh
w5
* ^ E   E^ E^ E.   
iru vrph qlwh qxpehu ri lwhudwlrqv1 Lq rwkhu zrugv/ zkhq 0 lv vpdoo exw srvlwlyh/
hyhq dssur{lpdwh frpprq nqrzohgjh ri ixqgdphqwdov idlov1
Zh vkrxog wklqn ri frpprq eholhi qrw lq whupv ri wkh phqwdo j|pqdvwlfv ri
kljkhu rughu eholhiv/ exw lq whupv ri wkh wudqvsduhqf| ri wkh vlwxdwlrq1 Zkhq wzr
lqglylgxdov duh vhdwhg dfurvv wkh vdph wdeoh lq d zhoo0olw urrp/ zh fdq uhdvrqdeo|
fodlp wkdw wkhuh lv frpprq nqrzohgjh ri wklv idfw/ jlyhq lwv wudqvsduhqf| wr erwk
lqglylgxdov1 Wkh ixqgdphqwdov/ lq wklv fdvh/ vdwlvi| d {hg srlqw surshuw| lq wkdw
wklv vlwxdwlrq rewdlqv li dqg rqo| li erwk lqglylgxdov nqrz wkdw wklv lv vr6 1
Dzd| iurp vxfk vshfldo flufxpvwdqfhv/ frpprq nqrzohgjh/ dqg hyhq dssur{0
lpdwh frpprq nqrzohgjh lv yhu| uduho| lq sodfh lq wkh uhdo zruog1 Iru qdqfldo
pdunhwv/ frpprq nqrzohgjh ri ixqgdphqwdov lv d vlqjxoduo| lqdssursuldwh dv0
vxpswlrq1 Lq zkdw iroorzv/ wkhuhiruh/ wkh uhvxowv zklfk vwdqg lq frqwudvw wr wkh
ehqfkpdun fdvh vkrxog eh dwwulexwhg wr wkh idloxuh ri frpprq nqrzohgjh1 Zh
exlog rq wkh zrun ri jdph wkhrulvwv zkr kdyh lqyhvwljdwhg wkh hhfwv ri kljkhu
rughu xqfhuwdlqw| +Uxelqvwhlq +4<;<,/ Prqghuhu dqg Vdphw +4<;<,/ Fduovvrq dqg
Ydq Gdpph +4<<6d/ e,/ Pruulv/ Ure dqg Vklq +4<<8,/ dqg Ndmll dqg Pruulv
+4<<:,,1 Pruulv dqg Vklq +4<<:, lv d vxuyh| ri vrph ri wkh pdlq uhvxowv wr gdwh1

61 Lqfrpsohwh Lqirupdwlrq Jdph
Dw gdwh |/ li wkh fxuuhqf| shj lv vwloo lqwdfw/ hdfk vshfxodwru ghflghv zkhwkhu ru
qrw wr dwwdfn wkh fxuuhqf| edvhg rq klv lqirupdwlrq1 D vwudwhj| iru vshfxodwru 
6

Wklv {hg srlqw fkdudfwhul}dwlrq ri frpprq nqrzohgjh zdv uvw jlyhq irupdo wuhdwphqw
e| Dxpdqq +4<:9,/ dqg hpskdvl}hg lq Eduzlvh +4<;;,/ Vklq +4<<6, dqg rwkhuv1 Prqghuhu dqg
Vdphw +4<;<, glvfxvv wkh dqdorjxv {hg srlqw fkdudwhul}dwlrq ri frpprq s0eholhi1
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lv d ixqfwlrq

E%c w

3{

 :$ iDwwdfn/ Uhiudlqj 

+614,

Lq sulqflsoh/ d vshfxodwru fdq fkrrvh dq dfwlrq frqglwlrqdo rq wkh zkroh klvwru|
ri w/ exw vlqfh klvwru| uhyhdov qr pruh lqirupdwlrq wkdq wkh suhylrxv uhdol}dwlrq/
zh uhvwulfw dwwhqwlrq wr Pdunry vwudwhjlhv ri wkh deryh irup1
Wkh prqhwdu| dxwkrulw| revhuyhv w dqg wkh sursruwlrq r ri vshfxodwruv zkr
dwwdfn1 Lw dedqgrqv wkh shj li dqg rqo| li
r  @ Ew 
Li wkh shj lv dedqgrqhg/ lw lv qhyhu uhlqvwdwhg1 Lq hhfw/ wkh jdph hqgv zkhq wkh
shj lv dedqgrqhg1 Wkh sd|rv ri wkh jdph duh jlyhq e| +516,1
Zh fdq qrz vwdwh wkh pdlq uhvxow ri wkh sdshu1 Zh vkdoo gr lw lq whupv ri wkh
iroorzlqj sdlu ri wkhruhpv7 1
Wkhruhp 41 Iru 0 vx!flhqwo| vpdoo/ wkhuh lv d vwrfkdvwlf surfhvv i E|j vxfk
wkdw wkh fxuuhqf| shj lv pdlqwdlqhg dv orqj dv w : / exw wkh shj lv dedq0
grqhg dv vrrq dv w  1
Wkhruhp 51  E|   E|  { li dqg rqo| li w E|  {  w E|  2{1
Wkh uvw wkhruhp vwdwhv wkdw zkhq pdunhw sduwlflsdqwv kdyh vx!flhqwo| df0
fxudwh lqirupdwlrq frqfhuqlqj wkh ixqgdphqwdov/ zh fdq frqvwuxfw d vwrfkdvwlf
surfhvv 0 dq dffrpsdq|lqj kxugoh surfhvv 0 vxfk wkdw wkh rqvhw ri d vshfxod0
wlyh dwwdfn fdq eh fkdudfwhul}hg lq whupv ri wkh ixqgdphqwdov wulsslqj ryhu wkh
kxugoh1
Wkh vhfrqg wkhruhp vwdwhv wkdw wkh kxugoh pryhv lq wkh rssrvlwh gluhfwlrq
wr wkh ixqgdphqwdov1 Vr/ zkhq hfrqrplf ixqgdphqwdov ghwhulrudwh/ wkh kxugoh
ehfrphv kljkhu wkdq ehiruh1 Frqyhuvho|/ zkhq ixqgdphqwdov lpsuryh/ wkh kxu0
goh idoov ixuwkhu dzd|1 Wklv lpsolhv wkdw zkhq wkh ixqgdphqwdov ghwhulrudwh/ wkh
survshfw ri d fxuuhqf| dwwdfn lqfuhdvhv pruh wkdq sursruwlrqdwho| wr wkh ghwhul0
rudwlrq ri wkh ixqgdphqwdov1 Wkh iroorzlqj jxuh looxvwudwhv d w|slfdo wlph sdwk
ri wkh wzr vwrfkdvwlf surfhvvhv1 w E| dqg  E| pryh lq rssrvlwh gluhfwlrqv xqwlo
wkh| furvv dw vrph srlqw/ dw zklfk wlph wkh shj lv dedqgrqhg1
^Iljxuh 4d khuh`
Wkh prgho dqg frqfoxvlrqv suhvhqwhg khuh pd| eh frqwudvwhg zlwk rxu hdu0
olhu zrun/ Pruulv dqg Vklq +4<<;,1 Wkh hfrqrplf prgho lq wklv sdshu lv pruh
7

Zh duh judwhixo iru Mrqdwkdq Wkrpdv iru vxjjhvwlqj wklv sduwlfxodu irupxodwlrq ri rxu
uhvxowv1

46

uhgxfhg irup> exw lw fdswxuhv wkh vdph hvvhqwldo ihdwxuhv1 Rxu hduolhu zrun pdgh
glvwulexwlrqdo dvvxpswlrqv wkdw jxdudqwhhg xqltxhqhvv ri htxloleulxp> wkh qrupdo
surfhvvhv dvvxphg lq wklv sdshu gr qrw jxdudqwhh xqltxhqhvv/ exw xqltxhqhvv lv
jxdudqwhhg iru vx!flhqwo| vpdoo qrlvh/ dqg/ dv zh glvfxvv ehorz/ wklv qrlvh grhv
qrw qhhg wr eh wrr vpdoo1 Ilqdoo|/ e| h{solflwo| prghoolqj d g|qdplf surfhvv/
zh duh deoh wr vhh krz wkh kxugoh fkdqjhv wkurxjk wlph1 Suhylrxv shulrg ixqgd0
phqwdov lq xhqfh wkh wkuhvkrog dw zklfk dq dwwdfn rffxuv ehfdxvh wkh| lq xhqfh
vshfxodwruv* eholhiv derxw rwkhu vshfxodwruv* eholhiv1
6141 Ryhuylhz ri wkh dujxphqw
Ehiruh jlylqj wkh ghwdlohg surriv iru wkhruhpv 4 dqg 5/ zh jlyh dq rxwolqh ri wkh
vkdsh ri rxu dujxphqw1 Wkh uvw vwhs lq rxu dqdo|vlv lv wr lghqwli| erxqgv rq
htxloleulxp dfwlrqv1 Iru dq| jlyhq suroh ri vwudwhjlhv e| wkh vshfxodwruv/ ghqrwh
e|
Z E%c w { 
+615,
3

wkh sursruwlrq ri wudghuv zkr dwwdfn wkh fxuuhqf| jlyhq E%c w { 
Ghqh wkh vhw H dv wkh vhw ri doo Z zklfk pd| dulvh lq dq htxloleulxp ri wkh
jdph1 Lq rwkhu zrugv/ Z 5 H li dqg rqo| li wkhuh lv vrph htxloleulxp lq zklfk wkh
sursruwlrq ri vshfxodwruv zkr dwwdfn jlyhq E%c w {  lv jlyhq e| Z E%c w { 1 Ghqh
3

3

% Ew
%7 Ew

3

 ' ?u i%mZ E%c w {   dqg Z 5 Hj
dqg Z 5 Hj 
{  ' tT i%mZ E%c w {  : f

3{

+616,
+617,

3

3

3

Wkxv/ % Ew {  lv wkh juhdwhvw orzhu erxqg rq wkh vljqdo dw zklfk dw ohdvw vrph
ri wkh wudghuv gr qrw dwwdfn wkh fxuuhqf|1 Wkxv/ li % % Ew { / zh fdq eh vxuh wkdw
hyhu| vshfxodwru dwwdfnv jlyhq E%c w {  lq hyhu| htxloleulxp/ zkloh li % : %
7 Ew { /
hyhu| vshfxodwru uhiudlqv jlyhq E%c w {  lq hyhu| htxloleulxp1
Zh zloo vkrz wkdw wkh erxqgv % Ew {  dqg %
7 Ew {  fdq eh lghqwlhg e| frq0
vwuxfwlqj d frqwlqxrxv ixqfwlrq L E%c w {  zklfk kdv irxu ihdwxuhv1
3

3

3

3

3

3

3

3

 L $   S dv % $ 4/ dqg L $ S dv % $ 4
 % Ew

3{

 ' 4? i%mL E%c w

 %7 Ew

3{

 ' 4@ i%mL E%c w

 L E%c w

3{

3{

 ' fj

3{

 ' fj

 lv ghfuhdvlqj lq w

3{

1

Wkh ixqfwlrq L lv srvlwlyh iru vpdoo ydoxhv ri %/ dqg lv qhjdwlyh iru odujh ydoxhv1
Lw lv frqwlqxrxv/ dqg vr pxvw fxw wkh krul}rqwdo d{lv dw ohdvw rqfh1 Wkh vpdoohvw
ydoxh ri % dw zklfk L fxwv wkh krul}rqwdo d{lv lv vkrzq wr eh % Ew { / zkloh wkh
3
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odujhvw ydoxh dw zklfk L fxwv wkh krul}rqwdo d{lv lv vkrzq wr eh %
7 Ew { 1 Wkxv/
rqfh wklv ixqfwlrq kdv ehhq lghqwlhg/ wkh fkdudfwhul}dwlrq ri htxloleulxp dfwlrqv
fdq eh uhgxfhg wr wkh vlpsoh wdvn ri fkhfnlqj zkhuh lw fxwv wkh krul}rqwdo d{lv1
Pruhryhu/ wklv ixqfwlrq lv dovr vkrzq wr kdyh wkh ihdwxuh wkdw/ iru vx!flhqwo|
vpdoo 0/
YL
fc
+618,
Y%
vr wkdw L fxwv wkh krul}rqwdo d{lv suhflvho| rqfh1 Wklv lpsolhv wkdw % Ew {  '
%7 Ew { / vr wkdw zh fdq wlh grzq htxloleulxp dfwlrqv suhflvho|1 Iru vx!flhqwo|
vpdoo 0/ wkhuh lv d xqltxh w iru hdfk w { vxfk wkdw/ lq dq| htxloleulxp/ wkh
jryhuqphqw dedqgrqv wkh fxuuhqf| shj li dqg rqo| li
3

3

3

W

3

ww

+619,

W

Wkh kxugoh surfhvv i E|j fdq wkhq eh frqvwuxfwhg e| ghqlqj wkh uhdol}dwlrq
ri  E dw wlph | wr eh wkh ydoxh ri w dvvrfldwhg zlwk wkh uhdol}dwlrq w E|  {1
Wkhruhp 4 iroorzv iurp wklv ghqlwlrq dqg +619,1
Zh qrz suhvhqw wkh surriv ri wkhruhpv 4 dqg 5/ dv zhoo dv looxvwudwlqj wkh
dujxphqw zlwk d qxpehu ri vlpxodwlrqv1
W

71 Wkh Dujxphqw
7141 Frqglwlrqdo H{shfwhg Sd|r
Ghqrwh e| r Ewc Z wkh sursruwlrq ri vshfxodwruv zkr hqg xs dwwdfnlqj wkh fxuuhqf|
zkhq wkh vwdwh ri ixqgdphqwdov lv w/ jlyhq wkh djjuhjdwh vhoolqj vwudwhj| Z1 Lw lv
jlyhq e|
]
r Ewc Z 
Z E%c w {  s E%mw _%
+714,
"

3

3"

Ghqrwh e| Ew { c Z wkh hyhqw lq zklfk wkh prqhwdu| dxwkrulw| dedqgrqv wkh
fxuuhqf| shj zkhq wkh vshfxodwruv* djjuhjdwh vkruw vhoolqj lv Z1 Lq rwkhu zrugv/
3

 Ew

3{

c Z ' iwmr Ewc Z  @ Ewj 

+715,

Zkhq wkh jryhuqphqw dedqgrqv wkh shj/ wkhuh lv d ghydoxdwlrq lq wkh fxuuhqf|
ri ( ' 1 Vlqfh d vshfxodwru grhv qrw revhuyh w gluhfwo|/ wkh rswlpdo ghflvlrq
uhvwv rq wkh h{shfwhg sd|r iurp dwwdfnlqj wkh fxuuhqf| frqglwlrqdo rq wkh vljqdo
% uhfhlyhg1 Zh ghqrwh e|  E%c w { c Z wkh h{shfwhg sd|r iurp dwwdfnlqj wkh
fxuuhqf| frqglwlrqdo rq E%c w {  zkhq wkh djjuhjdwh vkruw vhoolqj lv jlyhq e| Z1
Wkhq/
]
 E%c w { c Z '
s Ewm%c w {  _w  S
+716,
Ew { cZ
3

3

3

3

3
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7151 Ghqlqj L E%c w

3{



Wkh ixqfwlrq L E%c w {  lv ghqhg wr eh wkh h{shfwhg sd|r frqglwlrqdo rq E%c w { 
zkhq vshfxodwruv iroorz wkh vwudwhj| ri dwwdfnlqj wkh fxuuhqf| li wkh uhdol}dwlrq
ri wkh vljqdo lv % ru orzhu1 Lq rwkhu zrugv/
3

3

L E%c w

3{

   E%c w { c U%
]
'
s Ewm% _w  S
Ew { cU% 
3

+717,

3

zkhuh U% E+ lv wkh lqglfdwru ixqfwlrq zklfk wdnhv wkh ydoxh 4 zkhq +  %/ dqg
wdnhv ydoxh 3 zkhq + : %1 Wkdw lv

 li +  %
U% E+ '
+718,
f li + : %
Lq rughu wr h{suhvv L pruh vxfflqfwo|/ zh fkdudfwhul}h wkh hyhqw  Ew { c U% 
0 l1h1 wkh hyhqw lq zklfk wkh shj lv dedqgrqhg zkhq wkh vshfxodwruv* djjuhjdwh
vdohv ri wkh fxuuhqf| dw jlyhq e| U% 1
s Wkh glvwulexwlrq ri % jlyhq w lv qrupdo zlwk phdq w dqg vwdqgdug ghyldwlrq
0{1 Ghqrwlqj e| x E&c >c j wkh fxpxodwlyh qrupdo glvwulexwlrq dw & zkhq wkh
phdq lv > dqg wkh vwdqgdug ghyldwlrq lv j/ zh kdyh

s 
r Ewc U%  ' x %c wc 0{

s 
'   x wc %c 0{
3

Vr/ EU% c w

 ' E4c  E%o zkhuh  E% lv wkh xqltxh w zklfk vroyhv

s 
  x wc %c 0{ ' @ Ew 
+719,

s 
Wkh vroxwlrq lv xqltxh/ vlqfh @ lv lqfuhdvlqj/ zkloh x wc %c 0{ lv ghfuhdvlqj1
Wkh iroorzlqj jxuh looxvwudwhv  E%
3{

^Iljxuh 5 khuh`
Khqfh/
L E%c w

3{

 '

] E%

s Ewm%c w

 _w  S
#
$
u
% n 0w {
0{
' x  E% c
c
S
n0
n0
3{

3"

3

Zh qrwh wkh iroorzlqj surshuwlhv ri wklv ixqfwlrq1
49

+71:,

 w

 E%

7w

 L lv srvlwlyh iru vpdoo % +whqgv wr   S,
 L qhjdwlyh iru odujh % +whqgv wr S,
 L lv frqwlqxrxv lq %
Zh fdq frqfoxgh wkhuhiruh/ wkdw L lv srvlwlyh iru vpdoo ydoxhv ri %/ qhjdwlyh
iru odujh ydoxhv ri %/ dqg wkdw lw furvvhv wkh krul}rqwdo d{lv dw ohdvw rqfh1 Frqvlghu
wkh vpdoohvw dqg odujhvw ydoxhv ri % iru zklfk L ' f1 Zh fdq suryh=
Ohppd 41
% Ew
%7 Ew

 ' 4? i%mL E%c w
{  ' 4@ i%mL E%c w

3{

 ' fj
{  ' fj

3{

3

3

Lq rxu dujxphqw iru wklv uhvxow/zh zloo qhhg wkh iroorzlqj suholplqdu| uhvxow1
Ohppd 51 Li Z  Z / wkhq  E%c w


3{

c Z   E%c w

3{

cZ 


Ohppd 5 vwdwhv wkdw wkh sd|r wr dwwdfnlqj wkh fxuuhqf| lv kljkhu zkhq wkh
dwwdfn rq wkh fxuuhqf| lv vwurqjhu1 Lq rwkhu zrugv/ vshfxodwruv* ghflvlrqv wr dwwdfn
duh vwudwhjlf frpsohphqwv1 Wr suryh Ohppd 5/ qrwh wkdw li ZE%c w {   Z E%c w { /
zh kdyh rEwc Z  rEwc Z  iru hyhu| w/ vr wkdw


3

3



EZc w

3{

  EZ c w


3{



Lq rwkhu zrugv/ wkh hyhqw lq zklfk wkh fxuuhqf| shj lv dedqgrqhg lv vwulfwo| odujhu
xqghu Z1 Wkxv/
]
 E%c w { c Z '
s Ewm% _w  S
Ew { cZ
]

s Ewm% _w  S
Ew { cZ 
'  E%c w { c Z 
3

3



3



3

Wr suryh ohppd 4/ qrwh wkdw
% Ew

3{

  ?u i%mf
 tT i%mf
 %7 Ew { 

Z E%c w { 
Z E%c w { 
3

3

3

4:

 dqg Z 5 Hj
 dqg Z 5 Hj

Qrz/ li Z / wkhq vrph vshfxodwruv gr qrw dwwdfn1 Wklv lv frqvlvwhqw zlwk
htxloleulxp rqo| li wkh sd|r iurp qrw dwwdfnlqj lv dw ohdvw dv kljk dv dwwdfnlqj1
E| frqwlqxlw|/ wkh vdph lv wuxh dw % Ew { 1 Khqfh/
3

 E% Ew

3{

cw

3{

c Z  f

+71;,

E| vwudwhjlf frpsohphqwdulw| ri dfwlrqv/ +ohppd 5,/
L E% Ew
lpso|lqj wkdw

3{

cw

3{

   E% Ew

4? i%mL E%c w

3{

3{

cw

3{

 ' fj  % Ew

c Z  f

3{

+71<,



+7143,

Phdqzkloh/ zh fdq frqvwuxfw d v|pphwulf htxloleulxp lq vzlwfklqj vwudwhjlhv
dw 4? i%mL E%c w {  ' fj1 Lq rwkhu zrugv/ wkhuh lv dq htxloleulxp lq zklfk hyhu|
vshfxodwru dwwdfnv li dqg rqo| li
3

%  4? i%mL E%c w

3{

 ' fj

Wr vhh wklv/ vxssrvh wkdw hyhu| vshfxodwru iroorzv wklv vwudwhj|1 Wkhq/ e| frqvwuxf0
wlrq/ wkh vshfxodwru zkr uhfhlyhv wkh pdujlqdo phvvdjh 4? i%mL E%c w {  ' fj lv
lqglhuhqw ehwzhhq dwwdfnlqj wkh fxuuhqf| dqg qrw1 Exw iurp +71:, wkh h{shfwhg
sd|r iurp dwwdfnlqj wkh fxuuhqf| lv ghfuhdvlqj lq wkh phvvdjh %1 Wkxv/ dq| vshf0
xodwru zkr uhfhlyhv d phvvdjh juhdwhu wkdq wkh pdujlqdo rqh suhihuv wr uhiudlq/
zkloh d vshfxodwru zkr uhfhlyhv d phvvdjh orzhu wkdq wkh pdujlqdo rqh suhihuv
wr dwwdfn1 Wkxv/ zh kdyh dq htxloleulxp1 Wkh idfw wkdw wkhuh lv d v|pphwulf
htxloleulxp lq vzlwfklqj vwudwhjlhv dw 4? i%mL E%c w {  ' fj lpsolhv
3

3

4? i%mL E%c w

3{

 ' fj  % Ew

3{

c

+7144,



+7145,



+7146,

vr wkdw wrjhwkhu zlwk +7143,/
4? i%mL E%c w

3{

 ' fj ' % Ew

3{

Wkhuh lv dq dqdorjrxv dujxphqw iru
4@ i%mL E%c w

3{

 ' fj ' %7 Ew

3{

Wklv frpsohwhv wkh surri ri ohppd 41
Wkh vkdsh ri wkh L ixqfwlrq ghwhuplqhv wkh htxloleulxp vhw/ dqg zkhq 0 lv
vpdoo/ L lv d prqrwrqlf ixqfwlrq ri %1
Ohppd 61 YL*Y%

f li 0 lv vx!flhqwo| vpdoo1
4;

Surri1 Iurp



r E E% c U%  ' x %c  E% c

s


0{ c

dqg ghqrwlqj e| x? wkh sduwldo ghulydwlyh ri x zlwk uhvshfw wr lwv ?wk dujxphqw/
wrwdo glhuhqwldwlrq zlwk uhvshfw wr % |lhogv
x n x2 E% ' @ E E%  E%


Uhduudqjlqj/
 E% '






x
@ E E%  x2



s 
Krzhyhu/ x lv wkh ydoxh ri wkh qrupdo ghqvlw| dw %/ vr wkdw x '  %c  E% c 0{ /
zkhuh  lv wkh ghqvlw| fruuhvsrqglqj wr x Wkh sduwldo ghulydwlyh x2 lv wkh qhjdwlyh
ri x 1 Wkxv/

s 
 %c  E% c 0{

 E% '
+7147,
s 
@ E E% n  %c  E% c 0{




Frqvlghu x E&c >c j1 Li erwk & dqg > duh glhuhqwldeoh ixqfwlrqv ri % zkloh wkh
>1
yduldqfh lv frqvwdqw/ wkhq x E&c >c j lv ghfuhdvlqj lq % li dqg rqo| li &
Khqfh/

YL*Y% f +,  E%
+7148,
n0
Zh nqrz wkdw






 E%c  E% c 0{
@ E E% n  E%c  E% c 0{

' @

 n

 E% '






Wkxv/  E%
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Dq| qrupdo ghqvlw| dwwdlqv lwv pd{lpxp ydoxh dw lwv phdq dqg wklv lv j 2Z / zkhuh
j lv lwv vwdqgdug ghyldwlrq dqg Z lv wkh qxpehu s
sl +qrw wr eh frqixvhg zlwk wkh
xvh zh kdyh pdgh ri lw vr idu,1 Lq rxu fdvh/ j ' 0{1 Wkxv/
u
0
0 
+714:,
2{Z
I

4<

Khqfh 0 $ f dv 0 $ f1 Wkxv/ iru vx!flhqwo| vpdoo 0 wkh lqhtxdolw| +7149, krogv1
Wklv lv vx!flhqw iru L wr eh ghfuhdvlqj lq %1 Wklv suryhv ohppd 61
Wkh iroorzlqj gldjudp looxvwudwhv wkh srlqw1
^Iljxuh 6`
Wkh krul}rqwdo d{lv phdvxuhv %/ wkh yhuwlfdo d{lv phdvxuhv w1 Iru dq| jlyhq
uhdol}dwlrq ri w lq wkh suhylrxv shulrg/ wkh phdq ri wkh frqglwlrqdo glvwulexwlrq
s Ewm%c w {  lv d olqhdu ixqfwlrq ri %/ zlwk vorsh * E n 01 Wkh vpdoohu lv 0/ wkh
juhdwhu lv wkh zhljkw sodfhg rq wkh qrlv| vljqdo dqg vpdoohu lv wkh zhljkw sodfhg
rq wkh suhylrxv uhdol}dwlrq ri w1 Wkh zkroh glvwulexwlrq s Ewm%c w {  lv ghslfwhg
deryh1 Wkh ixqfwlrq  E pdsv % lqwr wkh ydoxh ri w dw zklfk wkh jryhuqphqw
vzlwfkhv iurp pdlqwdlqlqj
wkh shj wr dedqgrqlqj wkh shj1  E% wdnhv ydoxhv lq
 
7
wkh rshq lqwhuydo wc w / dqg lv lqfuhdvlqj1
Iurp wkh gldjudp/ zh fdq vhh wkdw L E%c w {  n S lv jlyhq e| wkh duhd xqghu
s Ewm%c w {  wr wkh ohiw ri wkh srlqw  E%1 Wklv lv zkdw +71:, vd|v1 Pruhryhu/ zh
fdq vhh wkdw wkh txhvwlrq ri zkhwkhu L E%c w {  lv ghfuhdvlqj ru qrw ghshqgv rq
wkh udfh ehwzhhq wkh phdq ri s Ewm%c w {  dqg wkh srlqw  E% dv % lqfuhdvhv1 Li
wkh phdq lv lqfuhdvlqj idvwhu wkdq wkh srlqw  E%/ wkhq zh lqghhg kdyh ghfuhdvlqj
L 1 Lq jhqhudo/ wklv fdqqrw eh jxdudqwhhg1 Krzhyhu/ zh vdz deryh wkdw zkhq 0 lv
vx!flhqwo| vpdoo/ wklv fdq eh jxdudqwhhg1
3

3

3

3

3

3

7161 H{dpsoh
Zh looxvwudwh wkh hhfw ri vkliwv lq 0 e| phdqv ri d qxphulfdo h{dpsoh1 Ohw { ' /
w ' f/ 7w ' / dqg w { ' fD1 Zh sorw wkh ixqfwlrq  E% dqg wkh srvwhulru phdq
E% n 0w {  * E n 0 iru d ydulhw| ri ydoxhv ri 01 Lq wkh iroorzlqj gldjudpv/ wkh
krul}rqwdo d{lv phdvxuhv %/ zkloh wkh yhuwlfdo d{lv phdvxuhv w1 Wkh srvwhulru phdq
lv wkh vwudljkw olqh/ zkloh  E% lv wkh fxuyh1
3

3

Fdvh 4= 0 ' f2
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Fdvh 5= 0 ' 

Fdvh 6= 0 ' D

Fdvh 7= 0 ' D
Dv lv fohdu iurp wkhvh sorwv/ hyhq iru prghudwho| odujh ydoxhv ri 0/ wkh vorsh ri
wkh srvwhulru phdq lv vwhhshu wkdq wkh vorsh ri / vr wkdw L lv prqrwrqlf1 Rqo|
zkhq 0 lv yhu| odujh +fhuwdlqo| odujhu wkdq 8, gr zh kdyh wkh srvvlelolw| ri  ehlqj
vwhhshu wkdq wkh srvwhulru phdq1
Wkhvh vlpxodwlrqv vxjjhvw wkdw wkh srvvleoh pxowlsoh htxloleuld uhvxowlqj iurp
d qrq0prqrwrqlf L ixqfwlrq pd| qrw eh lpsruwdqw lq sudfwlfh1
Iurp ohppdv 4 dqg 6/ Wkhruhp 4 iroorzv iurp wkh iroorzlqj dujxphqw1 Iru
vx!flhqwo| vpdoo 0/ zh kdyh d xqltxh srlqw % Ew {  dw zklfk L E%c w { fxwv
wkh krul}rqwdo d{lv1 Khqfh/ lq hyhu| htxloleulxp/ hyhu| vshfxodwru dwwdfnv jlyhq
E%c w {  li dqg rqo| li %  % Ew { 1 Wkhq/ frqvlghu wkh ydoxh ri w jlyhq e|
 E% Ew { / zkhuh  lv wkh ixqfwlrq ghqhg lq +719,1 Wkh kxugoh surfhvv i E|j
lv ghqhg wr eh wkh vwrfkdvwlf surfhvv vxfk wkdw
W

3

3

W

3

3

W

3

 E|   E% Ew E|  { 
W
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+714;,

Wr suryh Wkhruhp 5/ qrwh iurp +71:, wkdw L E%c w {  lv ghfuhdvlqj lq w { vlqfh
dq lqfuhdvh lq w { lqgxfhv d uljkwzdug vkliw lq wkh srvwhulru ghqvlw| s Em%c w { 1
Wklv/ lq wxuq lpsolhv d orzhu ydoxh ri % Ew { / dqg khqfh d orzhu ydoxh ri
 E% Ew { 1 Wklv frpsohwhv wkh surri1
3

3

3

3

W

3

W

3

81 Olplwlqj fdvh
D fdvh ri sduwlfxodu lqwhuhvw wr xv lv wkh olplwlqj fdvh zkhq wkh qrlvh 0 whqgv
wr }hur1 Wklv vhuyhv dv d ehqfkpdun lq vhyhudo uhvshfwv1 Vlqfh zh hqylvdjh 0 dv
ehlqj yhu| vpdoo/ wkh olplw jlyhv xv dq lqglfdwlrq ri wkh olnho| vkdsh ri wkh ydulrxv
txdqwlwlhv zh kdyh ehhq zrunlqj zlwk/ lq sduwlfxodu wkh ixqfwlrq L 1 Lqghhg/ wkh L
ixqfwlrq kdv d sduwlfxoduo| vlpsoh fkdudfwhul}dwlrq lq whupv ri wkh sdlq wkuhvkrog
ixqfwlrq @ E1
Wkhruhp 61 *40
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Vlqfh L olhv ehwzhhq   S dqg S/ Wkhruhp 6 ghwhuplqhv wkh L ixqfwlrq
xqltxho| dv wkh xsvlgh0grzq yhuvlrq ri wkh ixqfwlrq @ E/ zkhuh lwv ohyho lv {hg
wr olh ehwzhhq   S dqg S1 Wr suryh
wklv uhvxow/
xv xvh wkh vkruwkdqg ri
tohw 
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Lq wkh lqwhuydo wc 7w / wkhvh ghqvlwlhv ehfrph ghjhqhudwh dv 0 ehfrphv vpdoo/ vr
wkdw wkh h{suhvvlrq lq vtxduh eudfnhwv whqgv wr 4/ zkloh 0 $ f1 Khqfh/
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Wklv lv d yhu| dsshdolqj uhvxow/ lq wkdw lw jlyhv d vlpsoh fkdudfwhul}dwlrq ri wkh
L ixqfwlrq lq whupv ri wkh ixqgdphqwdov ri wkh sureohp1 Wkh vkdsh ri wkh L
ixqfwlrq lq wkh olplw lv wkh pluuru lpdjh ri wkh sdlq wkuhvkrog ixqfwlrq @1 Wklv
sxwv wkh irfxv vtxduho| rq wkh idfwruv
  zklfk ghwhuplqh wkh @ ixqfwlrq1
Iru lqvwdqfh/ li wkh lqwhuydo wc 7w lv zlgh/ wkhq vorsh ri @ lv vkdoorz/ dqg d
vpdoo lqfuhdvh lq frvw kdv odujh lpsdfw
rq wkh fxwr w 1 Lq whupv ri wkh hfrqrplf

lqwhusuhwdwlrq/ d zlgh lqwhuydo wc 7w wudqvodwhv lqwr wkh vwdwhphqw wkdw vshfxodwruv*
dfwlrqv duh pruh lq xhqwldo2ghflvlyh lq glfwdwlqj wkh h{fkdqjh udwh1 D ydulhw| ri
W
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idfwruv zloo lq xhqfh vxfk ghflvlyhqhvv1 Wkh vl}h ri frxqwu| uhodwlyh wr srro ri krw
prqh| zloo fhuwdlqo| eh d idfwru/ dv zhoo dv wkh frpsrvlwlrq ri qdqfldo rzv dqg
wkh pdwxulw| vwuxfwxuh ri ghew1 D vkdoorz @ E ixqfwlrq fdq dovr eh vhhq uh hfwlqj
wkh vwuhqjwk ri wkh pxwxdoo| uhlqiruflqj qdwxuh ri wkh dfwlrqv xqghuplqlqj wkh
shj1

91 Frqfoxglqj Uhpdunv
Zklovw wkh wkhru| dgydqfhg lq wklv sdshu lv wrr uxglphqwdu| wr vhuyh dv d wrro
iru dvvhvvlqj sudfwlfdo srolf| dowhuqdwlyhv/ lw grhv vhw rxw wkh frqvlghudwlrqv zklfk
frxog jxlgh rxu wklqnlqj1 Zh uhjdug wkh frqwulexwlrq khuh yhu| pxfk dv d frq0
fhswxdo rqh1 Zh eholhyh wkdw rxu dssurdfk surylghv d kdqgoh rq wkh hyroxwlrq ri
eholhiv zklfk wuljjhu wkh fkdqjh ri vhqwlphqw/ zklfk lq wxuq suhflslwdwhv wkh dw0
wdfn1 Lq wklv vhqvh/ zh sursrvh rxu wkhru| dv rqh ri wkh rqvhw ri fxuuhqf| dwwdfnv1
Ghyhorsphqwv ri wklv iudphzrun pd| vkhg ixuwkhu oljkw rq wkh sureohp1
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